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Cartan ( $\rfloor$ )
L-packet.
cohomological induction
1 $Sp(2, \mathbb{R})$ (7) Cartan
$Sp(2, \mathbb{R})$
$G=Sp(2, \mathbb{R})=\{g\in GL(4, \mathbb{R})|^{t}gHg=H, \det g=1\}$ ,
$H=\{-1_{2} 1_{2}\}$ , $K=Sp(2, \mathbb{R})\cap O(4)$
split Cartan split Cartan
$G_{1}=\{g\in Sp(2, \mathbb{C})|^{t}\overline{g}Jg=J\}\simeq Sp(2, \mathbb{R})$ ,
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2$J=\{1_{2} -1_{2}\}$ , $K_{1}=\{\{u \overline{u}\}|u\in U(2)\}$
compact Cartan
\S 6 $G=Sp(2, \mathbb{R})$
$Sp(2, \mathbb{R})$ Cartan 4
$T^{20}$ : compact Cartan, $T^{10}=\{\{\begin{array}{llll}cos\varphi sin\varphi \epsilon e^{t} -sin\varphi cos\varphi \epsilon e^{t}\end{array}\}|\epsilon=\pm 1,$ $\varphi\in \mathbb{R}\}$
$T^{01}=\{\{\begin{array}{llll}cos\theta sin\theta -sin\theta cos\theta cos\theta sin\theta -sin\theta cos\theta\end{array}\}\{\begin{array}{llll}e^{\tau} e^{\tau} e^{-\tau} e^{-\tau}\end{array}\}|\tau\in \mathbb{R},$ $\theta\in \mathbb{R}\}$
$T^{00}=\{diag(\epsilon_{1}e^{t_{1}},$ $\epsilon_{2}e^{t_{2}},$ $\epsilon_{1}e^{-t_{1}},$ $\epsilon_{2}e^{-t_{2}}|\epsilon_{i}=\pm 1,$ $t_{i}\in \mathbb{R}\}$
$T^{10}$ compact Cartan Cayley
$T^{01}$ Cayley Cartan
$T=(T\cap K)\cdot A$ $MA=Z_{G}(A)(A$
$G$ ) Cartan $M$
2 Invariant eigendistribution
$G\supset T$ Cartan $t_{0}$ Lie $t=$ (to)c Lie
$(g, t)$ $\triangle(g, t)\supset\triangle^{+}$ (
3) $t$
$\triangle^{\{}(t)=\xi_{\rho}(t)\prod_{\alpha\in\triangle^{+}}(1-\xi_{a}^{-1}(t))$ , $\rho=\frac{1}{2}\sum_{\alpha>0}\alpha$





$G_{reg}$ $G$ $T’=T\cap G_{reg}$ Cartan
$T’(\mathbb{R})=\{t\in T|\xi_{\alpha}(t)\neq 1(\forall\alpha\in\triangle_{\mathbb{R}})\}$
$\Theta$ $G$ (IED) 1 $\Theta$ Greg
Cartan ( )
$\tilde{\kappa}^{t}=\triangle^{t}\cdot\Theta$ , $\kappa^{t}=\epsilon_{\mathbb{R}}^{t}\cdot\triangle^{t}\cdot\Theta$
Cartan { $\tilde{\kappa}^{\{}|t$ $\mathfrak{g}$ Cartan }
IED
( patching condition [2])
1. Weyl symmetry ( )
2. Weyl
$I=S(t)^{W(g,t)}\ni D$ $\partial D\cdot\tilde{\kappa}^{t}=\mu_{t}(D)\tilde{\kappa}^{\{}(\exists\mu t\in t^{*})$
3. $t_{1}arrow^{\nu_{\alpha}}t_{2}$ $t_{1}$ $\alpha$ Cayley $\beta=I/$ $(\alpha)$
$t_{2}$ $T_{1}\cap T_{2}$
$\partial H_{\alpha}\tilde{\kappa}^{t_{1}}(x)=\partial H_{\beta}\tilde{\kappa}^{t_{2}}(x)$ ( $\forall x\in T_{1}\cap T_{2}$ : semi-regular)
1IED
( )
4$H$ Weyl $\alpha$ $t$
$\tilde{\kappa}^{t}(x)$ ( $x$ )
( )
$Sp(2, \mathbb{R})$ IED $\Theta$
$p_{ROP}$ $o$ SITION 2.1 $\Theta|_{T^{00}}\equiv 0$ $\Theta|_{T^{01}}\equiv 0$ $’\supset$
( ) $Sp(2, \mathbb{R})$
Sketch of PROOF. $T^{00^{\nu}}arrow e_{1}-e_{2}T^{01}$ Cayley




( $\mu$ ) $p_{\sigma}=p_{s_{\beta}\sigma}(\beta=\nu_{\alpha}(\alpha))$
$T^{01}$ $M$ $M\simeq SL^{\pm}(2, \mathbb{R})$ $(\mathfrak{g}, t^{01})$ Weyl
Weyl symmetry
$\tilde{\kappa}^{t^{01}}(\exp s_{\beta}X)=-\tilde{\kappa}^{t^{01}}(\exp X)$ , . $p_{s_{\beta}\sigma}=-p_{\sigma}$
$p_{\sigma}=0$ I
3 regular integral tempered IED
regular integral tempered IED
$SL(2, \mathbb{R})$ $SL(2, \mathbb{R})$ Cartan
$T^{1}=\{u_{\theta}=\{\begin{array}{ll}cos\theta sin\theta-sin\theta cos\theta\end{array}\}|\theta\in \mathbb{R}\}$
5$T^{0}=\{\epsilon a_{t}=$ diag $(\epsilon e^{t}, \epsilon e^{-t})|\epsilon=\pm 1,$ $t\in \mathbb{R}\}$
$T^{0}$ $T^{1}$
$D( \pm n)(u_{\theta})=\frac{\mp e^{\mp\iota n\theta}}{e^{i\theta}-e^{-i\theta}}$
$D( \pm n)(\epsilon a_{t})=\frac{(\epsilon e^{-|t|})^{n}}{\epsilon|e^{t}-e^{-t}|}$
(e.g. [9])





$Sp(2, \mathbb{R})$ $\Theta|_{T^{00}}\equiv 0$
$Sp(2, \mathbb{R})$
$\mu\in t^{20^{*}}$ $\mu=(\nu_{1}l_{1,2}l/l_{2})(l1_{i}=\pm 1, l_{i}\geq 0)$






$\triangle\Theta(\nu_{1}l_{1}, \nu_{2}l_{2})(\exp X)=(-1)\nu_{1}\nu_{2}\sum_{w\in W(GT^{20})}$
,
sgn $(w)e^{(w\mu X\}}\rangle$
6$\lambda=(l_{1}, l_{2})$ $\Theta(\nu_{1}l_{1}, \nu_{2}l_{2})=\Theta(w\lambda;wC^{+})(\exists w\in$
$W(g, T^{20}))$ $C^{+}$ $\lambda$ dominant $t^{20^{*}}$
Weyl chamber 2
THEOREM 3.1 $\Theta$ $Sp(2, \mathbb{R})$ regular integral tempered
IED $\Theta|_{T^{20}}\not\equiv 0$ 1) 2)
1) $\Theta|_{T^{00}}\equiv 0$
2) $\Theta(\exp w_{0}X)=-\Theta(\exp X)(X\in t^{20})$ $w_{0}\in W(\mathfrak{g}, t^{20})$
split Cartan compact
Cartan $Sp(n, R)$
$SU(p, q)$ $[5, 6]$
2)
$\triangle^{+}(\mathfrak{g}, t)$ $\triangle_{c}(\mathfrak{g}, t)$ ,
$A.(g, t)$ compact imaginary, singular imaginary roots $\forall\alpha\in$
$\triangle_{c}(\mathfrak{g}, t)$
$s_{\alpha}(\triangle_{n}^{+}(\mathfrak{g}, t))\subset\triangle_{n}^{+}(\mathfrak{g}, t)$
$\triangle_{n}^{+}(\mathfrak{g}, t)=\triangle_{n}(\mathfrak{g}, t)\cap\triangle^{+}(\mathfrak{g}, t)$
DEFINITION 3.2 IED $\Theta$ Cartan $T$ (P) $w_{0}\in W_{I}(\mathfrak{g}, t)$
imaginary Weyl $\Theta(t^{wo})=-\Theta(t)$
split Cartan $T^{00}$ $W_{I}(\mathfrak{g}, t^{00})=\{1\}$ $w_{0}=1$
$T^{00}$ (P) $\Theta(\exp x)=\Theta(\exp w_{0}X)=-\Theta(\exp X),$ . . $\Theta\equiv 0$
$G=Sp(n, \mathbb{R}),$ $SU(p, q)$
2 $(\nu_{1}l_{1}, \nu_{2}l_{2})$ $w$ $wC^{+}$
Weyl chamber singular
7PROPOSITION 3.3 $\Theta$ tempered IED $\Theta$
height 3Cartan $T$ $\alpha$ Cayley
Cartan $\Theta$ (P) $T$ $\Theta$ (P)
3.1 $2$ ) $\Rightarrow 1$ ) 3.3
:
$\dagger_{0}^{20}\ni X=\{\begin{array}{llll} \varphi_{1} \varphi_{2}-\varphi_{1} -\varphi_{2} \end{array}\}$ $x_{j}=\sqrt{-1}\varphi_{j}$
$\text{ ^{}0}\ni X=\{\begin{array}{llll} \varphi_{1} t_{2} -\varphi_{1} -t_{2}\end{array}\}$ $x_{2}^{1}=t_{2}x=\sqrt{-1}\varphi_{1}$
$t_{0}^{01}\ni X=\{\begin{array}{llll}\tau \theta -\theta \tau -\tau \theta -\theta -\tau\end{array}\}$ $x_{2}^{1}=\tau-\sqrt{-1}\theta x=\tau+\sqrt{-1}\theta$
$t_{0}^{00}\ni X=diag(t_{1)}t_{2}, -t_{1}, -t_{2})$ $x_{j}=t_{j}$
$t^{*}\ni\forall\mu$ $\mu(X)=\Sigma_{j=1}^{2}c_{J}x_{j}$ $\mu$ $\mu=(c_{1}, c_{2})$
$e_{1}=(1,0),$ $e_{2}=(0,1)$
Cartan
$\triangle(\mathfrak{g}, t)=\{\pm e_{1}\pm e_{2}, \pm 2e_{1}, \pm 2e_{2}\}\supset\triangle^{+}=\{e_{1}\pm e_{2},2e_{1},2e_{2}\}$
3height Cartan 8 Hirai [2]
83.1 :







4 regular tempered IED
$G$ Cartan






DEFINITION 4.1 IED $\Theta$ height $\Theta|_{T^{ij}}\not\equiv 0$ $T^{i_{J}}$
IED height $\Theta$
tempered height 4 \S 3 height
4 “ ” height $T^{20},$ $T^{00}$ height
height height $T^{10}$ tempered
$\mu=(\nu_{1}l_{1}, c_{2})(\nu_{1}=\pm 1, l_{1}\in Z_{\geq 0}, c_{2}\in\sqrt{-1}\mathbb{R})$ height
$T^{01}$ $\mu=(c_{1}, c_{2})((c_{1}-c_{2})/2\in Z, (c_{1}+c_{2})/2\in\sqrt{-1}\mathbb{R})$
$\mu=(0,0)$
9$T^{20}$ height $T^{01}$ 2.1 height
$T^{00}$ $\Theta|_{T^{00}}\equiv 0$
( $w_{0}=1$ ) height $T^{10}$
tempered IED $\Theta$ $\mu=(\nu_{1}l_{1}, c_{2})(\nu_{1}=$
$\pm 1,$ $l_{1}>0,$ $c_{2}\in\sqrt{-1}\mathbb{R}\backslash \{0\}$ )
THEOREM 4.2 $\Theta$ tempered IED height $T^{10}$
1) $\Theta|_{T^{00}}\equiv 0$ 2) $\Theta$ $T^{10}$ (P) 5
Idea of PROOF. $SL(2, \mathbb{R})$ $T^{10}$ $M$




Shelstad ([7, 8]) :
$\Theta_{3}=\sum_{\nu_{i}=\pm 1}\nu_{1}\nu_{2}\Theta(\nu_{1}l_{1}, \nu_{2}l_{2})\Leftrightarrow\Theta_{3}|_{T^{10}}\equiv 0$
$\Theta_{4}=\sum_{\nu_{i}=\pm 1}\Theta(\nu_{1}l_{1}, \nu_{2}l_{2})\Leftarrow\Theta_{4}(t^{w})=\Theta_{4}(t)$
$(\forall w\in W_{I}(\mathfrak{g}, t^{20}))$
$\Theta_{4}$ averaged discrete series Shelstad
$G$ endoscopic $H$ stable IED $\chi$ lifting $G$ IED
Lift $\chi$ $G=Sp(2, \mathbb{R})$
8 $\Theta_{i}$ ( $=$ Lift $\chi_{H_{i}}(i=1,$ $)4$ ))





5singular 1J tempered IED
singular $\mu$ D tempered IED $\Theta$
1) $\mu=(l_{1},0)$ ( $l_{1}>0$ , ) 2) $\mu=(l_{1}, -l_{1})$ ( $l_{1}>0$ , )
3) $\mu=(0, c_{2})$ ( $c_{2}$ \in $\sqrt{}$[ R) 4) $\mu=(c_{1}, -c_{1})(c_{1}\in\sqrt{-1}\mathbb{R})$
4) $\Theta\neq 0$ Cartan $T^{00}$ $T^{01}$




PROPOSITION 5.1 $\Theta$ $\mu=(l_{1},0)$ ( $l_{1}>0$ , )
tempered IED 1)2)
1) $\Theta|_{T^{00}}\equiv 0$ 2) $\Theta$ $T^{20},$ $T^{10}$ (P)
Sketch of PROOF. $1$ ) $\Rightarrow 2$ )
$\lambda=(l_{1}, l_{2})(l_{1}>l_{2}>0)$
$\Theta_{-}^{\lambda}=\Theta(l_{1}, l_{2})-\Theta(-l_{1}, -l_{2})=\Theta(\lambda, C^{+})-\Theta(w_{0}\lambda, w_{0}C^{+})$
$w_{0}=s_{2e_{I}}s_{2e_{2}}$
$\Theta_{-}^{\lambda}$ translation $F$
$C^{+}$ $(0, -l_{2})$ $G$ ( )
$Proj_{\mu}(\Theta_{-}^{\lambda}\otimes F)=\Theta(\mu, C^{+})-\Theta(w_{0}\mu, w_{0}C^{+})=\Theta_{-}$
$\mu$ IED $Proj_{\mu}$ $\mu$
$\tilde{\kappa}^{t^{20}}(t)=\triangle^{20}\Theta=A(e^{il_{1}\varphi_{1}}-e^{il_{1}\varphi 2})+B(e^{-il_{1}\varphi 1}-e^{-l}l_{1}\varphi_{2})$
$\tilde{\kappa}^{t^{01}}\equiv 0$






6 height $T^{10}$ $\hat{\Theta}$ $SL(2, \mathbb{R})$
$\hat{\Theta}|_{T^{00}}\equiv 0\Rightarrow\hat{\Theta}$ $T^{10}$ (P)
translation $\Theta_{-}^{\lambda}$ 3.3 $T^{10}$ (P) $F$
$W(\mathfrak{g}, t^{10})$ tensor $\Theta_{-}^{\lambda}\otimes F$




$\tilde{\kappa}^{t^{20}}$ (P) $T^{20}$ $C$ $\tilde{\kappa}^{t^{20}}=C\tilde{\kappa}^{\underline{t^{20}}}$
$\hat{\Theta}=\Theta-C\Theta_{-}$ $\hat{\Theta}$
$\mu$ IED height $T^{10}$
$\Theta_{-}^{\lambda}$ 3.3 $T^{10}$ (P) $\Theta_{-}$ $T^{10}$ (P)
$\hat{\Theta}$ $T^{10}$ (P) $T^{10}$ $\epsilon_{\mathbb{R}}\triangle\hat{\Theta}$
( )
$\epsilon_{R}\triangle^{t^{10}}\hat{\Theta}(\exp X)=const.(e^{il_{1}\varphi_{1}}+e^{-il_{2}\varphi 2})$ $(X\in t_{0}^{10})$
$SL(2, \mathbb{R})$ $\hat{\Theta}|_{T^{00}}\equiv 0$









cohomological parabolic induction tempered L-packet
family $\{A(w\mu, \pi_{w})|w\in W\}$
\S 1 $Sp(2, \mathbb{R})$ $G_{1}$
$G_{1}\supset K_{1}=\{\{u \overline{u}\}|u\in U(2)\}$
compact compact Cartan
$T^{20}=$ {diag $(e^{i\varphi 1},$ $e^{i\varphi_{2}},$ $e^{-i\varphi_{1}},$ $e^{-\dot{\iota}\varphi_{2}})$ }
$T,$ $t_{0},$ $t$ compact Cartan















$[=t+\mathfrak{g}^{e_{1}+e_{2}}+\mathfrak{g}^{-e_{1}-e_{2}}$ , $\triangle(u)=\{2e_{1}, e_{1}-e_{2}, -2e_{2}\}$




$T\subset L$ $\pi$ $L$ $7$ $|_{T}=\mu\in\hat{T}\subset t^{*}$
EXAMPLE 6.2 6.1 $L$ $\pi(x)=(\det\Phi(x))^{m},$ $\mu=m(e_{1}-e_{2})$
DVogan [10] ( , $L\cap K$ ) $\text{ ^{}7}$ $(\mathfrak{g}, K)$ $\mathcal{R}$
1. ( , $L\cap K$ ) $\pi$ $u$ $(q, L\cap K)$
$Hom_{U(q)}(U(\mathfrak{g}), \pi\otimes\wedge^{top}t\downarrow)$
$(\mathfrak{g}, L\cap K)$ $\mathfrak{g}$




$kf(X)=k(f(Adk^{-1}X))$ $(k\in L\cap K)$
$L\cap K$
$pro_{q_{L\cap K}^{L\cap K}}^{\emptyset},(\pi\otimes\wedge^{top}t1)=Hom_{U(q)}(U(\mathfrak{g}), \pi\otimes\wedge^{top}t\downarrow)_{L\cap K}$
$\pi$ produced module ( , $L\cap K$ ) $(\mathfrak{g}, L\cap K)$
$pro_{q_{L\cap K}}^{9^{L\cap K}}$
,
2. $V$ $(\mathfrak{g}, L\cap K)$ $(\mathfrak{g}, K)$
$\tilde{K}$ $K$
$1arrow Zarrow\tilde{K}arrow Karrow 1$
$V_{0},$ $V_{1}$
$V_{0}=\{v\in V|\dim U(g)v<\infty\}$ , $V_{1}=\{v\in V_{0}|zv=v(\forall z\in Z)\}$
$\Gamma(V)=\Gamma_{9^{)},L\cap K}^{9^{K}}(V)=V_{1}$ $(\mathfrak{g}, K)$ $\Gamma$
3. $\mathcal{R}=\Gamma_{9,L\cap K}^{9^{K}}opro_{q_{L\cap K}}^{9^{L\cap K}}$,
$\mathcal{R}^{i}$ $P^{ro},,L^{\cap K}nK1$
$\mathcal{R}^{i}(\pi)=(\Gamma_{\mathfrak{g},L\cap K}^{\mathfrak{g},K})^{i}$. $(pro_{q_{L\cap K}^{L\cap K}}^{g},(\pi))$
$s=\dim\iota c\cap e$ $A(\mu)\pi)=\mathcal{R}^{s}(\pi)$
6.3 $A(w\mu, \pi_{w\mu})$











EXAMPLE 6.3 $\lambda_{0}=e_{1}-e_{2},$ $\mu=m(e_{1}-e_{2}),$ $w=s_{2e_{2}},$ $w\lambda_{0}=e_{1}+e_{2}$
$\pi_{w\mu}=(\det u)^{m}$$L_{w}=K=\{\{u \overline{u}\}|u\in U(2)\}$ ,
L-packet $\Pi_{\varphi}$ $w\in\{1\}\ltimes(Z_{2})^{2}\subset 6_{2}\ltimes(Z_{2})^{2}$
$\{A(w\mu, \pi_{w\mu})\}$
6.4 $A(\mu, \pi_{\mu})$ resolution
$\pi=\pi_{\mu}$ $A(\pi_{\mu}, \mu)$ resolution
EXAMPLE 6.4
$L$ $\simeq$ $U(1,1)$ $\supset$ $SU(1,1)$
$\cup$
$T^{01}$
$\simeq$ $H$ : split Cartan
$11$
$T_{L}\cdot A$ $\supset$ $T_{L}’\cdot A$
$T_{L}$ $H$ compact center $T_{L}=\{\pm 1\}$ $SU(1,1)$
$\rho_{A}(X)=\frac{1}{2}$Tr $(X)|_{n}$




$arrow\Theta^{L}(\alpha/2+\mu, C_{+}^{L})\oplus\Theta^{L}(-\alpha/2+\mu, s_{\alpha}C_{+}^{L})arrow 0$
$\mathcal{R}$ $\mathcal{R}^{\iota}=0(i\geq 2)$
$0arrow \mathcal{R}^{1}(\pi_{\mu})arrow \mathcal{R}^{1}(Ind_{T_{L}AN}^{SU(1,1)}(\pi_{\mu}|_{T_{L}}\otimes(-\rho_{A})\otimes 1))$






$\mathcal{R}^{1}(Ind_{T_{L}AN}^{L}(\pi_{\mu}|_{T_{L}}\otimes(-\rho_{A})\otimes 1))\simeq Ind_{MAN’}^{G}(\delta\otimes(-\rho_{A})\otimes 1)$




(6.1) $A(\mu, \pi_{\mu})=\mathcal{R}^{1}(\pi_{\mu})$ “ ”
Johnson [4] $A(\mu, \pi_{\mu})$ resolution
$\mathbb{R}$- 2 1 cohomology
$A(\mu, \pi_{\mu})$ resolution $\circ$
EXAMPLE 6.5 $L_{w}=K$ $A(w\mu, \pi_{w\mu})$ $G$
$A(\pi_{w\mu}, w\mu)$
$\langle A(\pi_{w\mu}, w\mu)\rangle/\mathbb{C}\subset$ \langle $G$ \rangle $/\mathbb{C}+$ \langle $M$ standard \rangle $/\mathbb{C}$
PROPOSITION 6.6 $\Theta=\sum_{w\in W(\mathfrak{g},t)}c_{w}A(w\mu, \pi_{w\mu})\neq 0$ 1) 2)
a) $\lambda_{0}=e_{1}-e_{2}$
1) $\Theta|_{T^{00}}\equiv 0$ 2) $\Theta$ $T^{20},$ $T^{01}$ (P)
b) $\lambda_{0}=2e_{1}$
1) $\Theta|_{T^{00}}\equiv 0$ 2) $\Theta$ $T^{20},$ $T^{10}$ (P)
17
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